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Recently, Welland and DeVito [l] gave a new characterization of absolute 
continuity for functions on the unit interval. Their result may be stated as 
THEOREM 1. Let v be a function of bounded variation on [0, l] continuous 
from the left. Then v is absolutely continuous ;f and only ;f 
lip i1 fn dv = 0 
0 
for each sequence { fn} C C([O, 11) such that 
lim 
1 
’ fng dx = 0 for each 
n 0 
g E Ll(dx). 
Our purpose here is to point out how this result follows simply from the usual 
decomposition theorems of measure theory. A reference for these theorems 
is [2]. 
It will be convenient to formulate and prove a somewhat more general 
result, namely: 
THEOREM 2. Let X be a compact metric space and let v be a (finite) positive 
Baire measure on X. Then the jinite complex Baire measure p is absolutely 




for each g E L’(dv) (1) 
also satisfies 
Ii? s fnh dp = 0 for each h E L’(d& (2) 
In other words, p Q v if and only if each sequence in C(X) which converges to 0 
in the weak * topology on LoD(dv) also converges to 0 weak * Lw(d / p I). 
We shall need the following simple 
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LEMMA. Let K C X be closed. Then there exists a sequence { fn> of real 
functions in C(X) such that 
(i) l:fn I:= = 1 
(ii) fJx) = 1 XEK 
(iii) fn(x) --f 0 x 6 K. 
PROOF. Since each closed subset of X is a G, , it follows from Urysohn’s 
lemma [2, p. 391 that there exists a real function g E C(X) such that g(x) = 1 
for x E K and 0 <g < 1 if x E X\K. Setting fn = g”, we obtain a sequence 
satisfying the conditions above. (For a slightly more direct proof, set 
p = d(1 $ d)-l, where d is the metric on X; then put g(x) = 1 - p(x, K).) 
PROOF OF THEOREM 2. Necessity is an immediate consequence of the 
Radon-Nikodym theorem [2, p. 1221. For the sufficiency, assume that (1) 
implies (2). We must show that p <Y. Suppose not. Let dp = k dv + du 
be the Lebesgue decomposition of p with respect to v [2, p. 122l;here 
K = dp/dv is the Radon-Nikodym derivative and u is a nonzero measure 
singular with respect to v. Then if S is the closed support of 0, we have 
V(S) = 0. By the Hahn decomposition theorem [2, p. 1271, there exist 
disjoint measurable subsets S+ and S- of S such that the restriction of o 
to S+ (S-) is a nonnegative (nonpositive) measure. Without loss of generality, 
we may assume that u(S+) > 0. Let KC S+ be a closed subset of X for which 
o(K) > 0; such a K exists since u (being a Baire measure) is regular. Let 
{ fn} be a sequence satisfying (i)-(iii) of the lemma. Since v(S) = 0, v(K) = 0 
so that 
liy Ixfnh dv = 0 
for any h ELl(dv) by (iii) and the dominated convergence theorem. There- 
fore, 
li,m j,fn dp = 0, 
since (1) implies (2). Writing 
j-,fn 6 = j-,fnk dv + j-,fn da 
and taking limits, we obtain 
0 = j,du = o(K), 
a contradiction. It follows that (T = 0, so that p < v. The proof is complete. 
A NOTE ON ABSOLUTE CONTINUITY 529 
It is worth noting explicitly that, for the sufficiency, we needed only the 
weaker condition, that (1) implies 
Making this change, we can then weaken (1) to 
lim f-k dv = 0 
n .I^ 
k-g. (1’) 
To obtain Theorem 1, we need only recall the classical correspondence 
between functions of bounded variation and finite Baire (= Borel) measures 
on the line [2, p. 1631 and the connection between absolute continuity for 
point functions and absolute continuity for measures [2, p. 1651. 
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